A finite group G is said to be (2, 3, t)-generated, if it is a quotient of triangle group T (2, 3, t) := x 2 = y 3 = (xy) t = 1 . That is, G is (2, 3, t)-generated if can be generated by just two of its elements x and y such that x is an element of order 2, y is an element of order 3 and xy has order t. In this paper, we compute (2, 3, t)-generations for the sporadic simple group O'Nan, where t is a divisor of |O'N|. For computations, we make considerable use of the computer algebra system GAP-Groups, Algorithms and Programming [20] .
Introduction
There has been considerable amount of progress recently towards the computation of the (2, 3, t)-generations of the simple groups. A simple group G is (2, 3, t)-generated if it can be generated by just two of its elements x and y such that o(x) = 2, o(y) = 3 and o(xy) = t. It is well known now that every finite simple group can be generated by two of its elements. The (2, 3, t)-generated groups are the free product of two cyclic groups of order two and three. That is, such groups are the homomorphic images of the modular group P SL (2, Z) . Further, a (2, 3, 7)-generated group is called an Hurwitz groups. The problem of computing the genus of finite simple groups can be reduced to the generations of relevant simple groups.
It is well know that with few exceptions all simple groups are (2, 3) -generated. Woldar [23] showed that each sporadic simple groups, except M 11 , M 22 , M 23 and McL, are (2, 3, t)-generated. Further, most of the classical linear groups and Lie groups are (2, 3)-generated. The problem of generating a group by a set of conjugate involutions of minimal size is also closely related to the (2, 3, t)-generation of the group. In a series of articles [1, 2, 3, 4, 5] , it has been shown that sporadic groups HS, McL, Co 1 , Co 2 , Co 3 , Suz, Ru and Th can be generated by three conjugate involutions. The work of Liebeck and Shalev shows that all but finitely many simple classical groups can be generated by three involutions (see [17] ). However, the problem of finding simple classical groups which can be generated by three conjugate involutions is still very much open.
Moori [18] computed all (2, 3, p)-generations of the Fischer's sporadic group F i 22 , where p is a prime divisor of |F i 22 |. In [15] , Ganief and Moori determined all (2, 3, t)-generations of the third Janko group J 3 . Drafsheh, Ashrafi and Moghani [14] computed all possible (p, q, r)-generations of the sporadic simple group O N, where p, q and r are prime divisors of |O N|. Recently, Ali [1] computed ranks (minimal conjugate generating sets) for the O'Nan's sporadic simple group O N. More recently, the author in [6, 7] and with Ali [8, 9] determined (2, 3, t)-generations for sporadic groups HS, McL, J 1 , J 2 , Co 2 and Co 3 .
In the present article we compute the (2, 3, t)-generations of the sporadic simple group O N, where t is any divisor of |O N|. We will also give the generating triples for Held group He. For more information regarding the study of (2, 3, t)-generations and computational techniques used in this article to determine the generating pairs, we refer the reader to the references cited above [1] , [4] , [15] , [18] and [23] .
We follow the same notation as in [8] and [9] . Let G be a finite group and C 1 , C 2 and C 3 are the conjugacy classes of elements of the group O N, z is a fixed representative of C 3 , then we denote
is structure constant of G for the conjugacy classes C 1 , C 2 , C 3 and can be calculated using the character table of the group G using the formula
where
As in ATLAS, a general conjugacy class of elements of order n in G will be denoted by nX. For examples, 3A represents the first conjugacy class of order 3 in the group G. We use the maximal subgroups of O'N as given in Table I quite [11] extensively.
The following result will be crucial in determining the non-generation of a triple in the finite group G. Table II N is (2, 3, 8 )-generated. (2, 3, 10)-and (2, 3, 14) -generated. Table I ). Now our calculations give Table I ) which may contain (2A, 3A, 28X)-generated proper subgroups are isomorphic to H 1 ∼ = L 3 (7):2 (two copies) and H 4 . By looking at the fusions from the maximal subgroups H 1 and H 4 into O N (see Table II We show that the group O N is not (2A, 3A, 12A)-generations by using the random element generation. We constuct O N using its standard generators given in [22] . O N has 154-dimensional irreducible representation over GF (3) . We see that O N ∼ = a, b , where a and b are 154×154 matrices over GF(3) with a ∈ 2A, b ∈ 4A and ab has order 11. In GAP we use pseudo-random technique to produced elements c and d such that c ∈ 2A, d ∈ 3A and cd ∈ 12A. Let P = c, d then P < O N and |P | = 3753792. Consequently, we obtain that O N is not (2A, 3A, 12A)-generated. 
Lemma 1.1. ([10]) Let G be a finite centerless group and suppose lX, mY , nZ are G-conjugacy classes for which
Δ * (G) = Δ * G (lX, mY, nZ) < |C G (nZ)|. Then Δ * (G) = 0 and therefore G is not (lX, mY, nZ)-generated.
Theorem 1.2. ([24]) Let G be a finite group and H a subgroup of G containing a fixed element x such that gcd(o(x), [N G (H):H]) = 1. Then the number h of conjugates of H containing x is χ H (x), where χ H is the permutation character of G with action on the conjugates of H. In particular,
h = m i=1 |C G (x)| |C N G (H) (x i )| ,
Lemma 2.2. The sporadic group O N is
31) (2 copies) and
. Let Y ∈ {A, B} and Z ∈ {C, D} Using the fusions from these maximal subgroups to O N (Table II) we have
Therefore, the group O N is (2A, 3A, 16X)-generated for X ∈ {A, B, C, D}.
We now summarize our main result of the article in the form the following theorem: Theorem 2.6. The O'Nan group O N is (2, 3, t)-generated for any integer t except when t = 12.
Proof. This follows from Lemmas 2.1 to 2.9. 
